We introduce two-dimensional (2D) linear and nonlinear Talbot effects (LTE and NLTE). They are produced by 2D diffraction patterns and can be visualized as 3D stacks of Talbot carpets. The NLTE originates from 2D rogue waves and forms in a bulk 3D nonlinear medium. The recurrence of an input rogue wave (with a π phase shift) can only be observed at the (half) Talbot length. Different from NLTE, the LTE displays the usual fractional Talbot images as well. We also find that the smaller the period of incident rogue waves, the shorter the Talbot length. Increasing the beam intensity increases the Talbot length, but above a threshold this leads to a catastrophic self-focusing phenomenon which destroys the nonlinear effect.
I. INTRODUCTION
Recently, optical rogue waves attracted a lot of attention, owing to their strange properties [1] [2] [3] [4] . As a pheonomenon, rogue wave originated in oceans, as an extreme localized wave that suddenly appears and disappears without a trace. However, it is now accepted that, as a kind of nonlinear phenomenon, it can be well described by the cubic nonlinear Schrödinger equation (NLSE). The cubic NLSE possesses a variety of solutions [5] [6] [7] , some of which can serve as prototypical rogue waves. These include Peregrine solitons [2, 8] , Kuznetsov-Ma breathers [9, 10] , Ahkmediev breathers (AB) [11] , higher-order rogue waves [12, 13] , and FermiPasta-Ulam (FPU) recurrent pulses [14] [15] [16] . It should be emphasized that these solutions are not rogue waves per se but can be used to model ones. The true rogue waves are extreme wave phenomena that sporadically appear in the solutions of different NLSEs and require statistical description for evidence and confirmation.
The solutions mentioned above are by and large exact solutions to NLSE that contain solitary or trains of pulses, ride on finite backgrounds, and are prone to modulation instabilites. It is in the devlopment of unstable wavefronts that extreme or freak waves may appear. In this Paper we restrict our attention to just one such solution that is used to describe rogue waves but also displays the nonlinear Talbot effect (NLTE) -the AB. An AB wave is periodic along the transverse coordinate and decays along the longitudinal coordinate -it is a transverse train of optical pulses. When such a train is launched into a nonlinear Kerr medium, owing to modulation instability and nonlinear interference of propagating pulses, a Talbot recurrence phenomenon is observed. Thanks to these properties, the NLTE of rogue waves has recently been reported [17] . Such TE is in stark contrast to the linear TE, in which real gratings or periodic diffracting structures are needed, it forms in linear homogenous media, and can be generally explained by the Fresnel diffraction theory [18] . In addition, the NLTE reported in [17] not only originates from a nonlinear wave but also requires bulk nonlinear medium to form, which is different from the NLTE reported in [19] .
As it is well known, TE represents a self-imaging phenomenon in the near-field diffraction of plane waves, first observed in 1836 by H. F. Talbot [20] and theoretically explained in 1881 by Lord Rayleigh [21] . Owing to its potential applications in image preprocessing and synthesis, photolithography, optical testing, optical metrology, spectrometry, and optical computing, TE has been reported in, but not confined to, atomic optics [22, 23] , quantum optics [24, 25] , waveguide arrays [26] , photonic lattices with PT -symmetry [27] , Bose-Einstein condensates [28, 29] , X-ray imaging [30] , and in the interferometer for C 70 fullerene molecules [31] . Even though the NLTE was previously investigated [17, 19, 32] , the topic is still in need of further exploration, because interdisciplinary research -in this case of rogue waves, TE, and nonlinear interference -tends to induce new ideas and applications.
TE is a spatial recurrence phenomenon: if one records directly beyond a narrow diffraction slit the beam intensity along the propagation direction, then one sees a series of periodic diminishings and revivals, coming from the interference of secondary diffracted wavelets.
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Stretched in the transverse dimension, one observes the Talbot carpet. If the medium is nonlinear, then one observes the NLTE. There exists a similar nonlinear recurrence phenomenon in fibers -the Fermi-PastaUlam recurrence; it's 60th birthday was just celebrated [14, 15, 33, 34] . However, the two effects are different in nature. Even though both can be described by the NLSE, FPU is a temporal phenomenon, whereas NLTE is a spatial phenomenon.
In this Paper, we report both linear and nonlinear TE in two dimensions, but focus on the NLTE formed from rogue waves in a bulk nonlinear medium. The twodimensional (2D) NLTE is observed here for the first time, to our knowledge. We first construct the incidence from a product of two 1D ABs, and then propagate it in a linear and NL Kerr medium. The result is a 3D stack of Talbot carpets.
II. MODEL
The propagation of a beam with envelope ψ in a Kerr medium can be generally described by the normalized cubic NLSE
where
One of the rogue solutions of the 1D NLSE is the AB [11] 
where q = (1 − Ω 2 /4)/2 and a = 8q(1 − 2q), with q < 1/2. This solution is periodic in the transverse direction and dies fast in the propagation (z) direction. The period of ψ(z, x) along x axis is D x = π/ √ 1 − 2q and the
We have demonstrated that a beam with the profile of AB at z = 0 [viz. ψ(z = 0, x)] will not die away when propagated according to the 1D NLSE, but thanks to modulation instability and nonlinear interference will display the NLTE [17] . A question naturally arises, can this be generalized to 2D?
Even though various rogue wave solutions are reported for the 1D NLSE [13] , there exists no analytical breather or periodic solution of the 2D NLSE in the transverse plane. It would be nice if such an eigenfunction of 2D NLSE exists; then it would be possible to check directly if it produces the 2D NLTE. Since this is not the case, the next best possibility is to use the product of two 1D ABs as a planar diffraction pattern, to see if it can produce 2D NLTE. This product is not the solution of NLSE but indeed it does produce NLTE. Thus, to investigate the 2D NLTE, we introduce an incident wave for the 2D NLSE as
which is the product of two perpendicular 1D ABs ψ(z = 0, x) and ψ(z = 0, y). The periods along x and y directions are the same, (3) makes the maximum amplitude equal to that of Eq. (2), if C = 1.
In the following, we study the propagation and dynamics of the 2D rogue wave with C = 1 in Eq. (3), in both linear and nonlinear bulk media. To guarantee high numerical precision, we utilize the fourth-order split step fast Fourier transform (FFT) method [35] in double precision. To make beams of finite energy and prevent FFT spill-over effects, we utilize an aperture with a diameter large enough to enforce fast convergence of beam intensity to zero at the transverse infinity.
III. LINEAR TALBOT EFFECT
We first launch the beam described by Eq. (3) into a linear bulk medium; that is, the ensuing propagation is according to the linear Schrödinger equation [viz., the nonlinear term in Eq. (1) is eliminated]. There being no self-focusing, a more easy observation of the 2D LTE is expected.
In Fig. 1(a) we display the transverse intensity isosurface distribution of the propagating beam with q = 1/4, at different propagation distances. It is immediately seen that the linear 2D TE is there -the incident rogue wave reappears at z ≈ 6.192. This distance defines the Talbot length z T . At z T /4 and z T /2, the fractional Talbot images also form. Similar to previous research [19, 23, 26] , the fractional Talbot image at z T /2 exhibits a π phase shift in comparison with the incidence, while for the z T /4 fractional Talbot image, the transverse period is halved. To see the Talbot effect more clearly, we also plot the intensity carpet versus x and z in the plane y = 0, in Fig.  1(b) . The Talbot images at z T /4 and z T are quite apparent, while the one at z T /2 is missing. The reason is that because of the π phase shift, the Talbot image at z T /2 is shifted for half of the period transversely and cannot be seen in the y = 0 plane. In Fig. 1(c) , the intensity profiles at z = 0, z = z T /4, z = z T /2, and z = z T along the x/y axes are displayed. In conclusion, the 2D LTE of rogue waves is easily visible and verified.
Numerical simulations demonstrate that the LTE does not change with different incident intensities, for the same value of q. Therefore, we can check the influence of q (also of the transverse period) on the formation of LTE, even though the intensity of the incident beam changes with q [17] . More numerical experiments indicate that the Talbot length is proportional to the transverse period (nearly a linear relationship), as shown by the solidcircle line in Fig. 1(d) . The same figure also displays the relationships of D x vs q (dashed curve) and D x vs M (dash-dotted curve). 
IV. NONLINEAR TALBOT EFFECT
We investigate the 2D NLTE, by including nonlinearity in the Schrödinger equation. The practical problems are, the self-focusing effect and the lack of superposition principle. Nonetheless, following the same numerical procedure as in the linear case, the 2D NLTE is demonstrated, with z T ≈ 6.544. Results are presented in Fig. 2 , which follows the same setup as Fig. 1 . In Fig. 2(a) we show the isosurface intensity plots which display the formation of 2D-NLTE. One striking difference with the LTE is immediately apparent: the fractional Talbot images are gone. One can only observe the secondary and primary Talbot images at z T /2 and z T . This is fundamentally different from the 2D LTE. We also display the intensity carpet in the y = 0 plane in Fig. 2(b) , from which one can verify that there are no fractional Talbot images. It is evident that in the propagation range z ∈ [z T /2 z T ] a structure similar to the fractional Talbot image appears, but this is not a fractional Talbot image, because of the following reasons: (1) the transverse period is same as of the input; (2) the position is not at 3z T /4. Such images also exist in the range z ∈ [0 z T /2], however one cannot see them in Fig. 2(b) because the maximum is shifted from the plane y = 0, similar to the image at z = z T /2. More clear details about the nonlinear, as well as linear evolution of Talbot images, can be seen in the movies provided in the Supplemental Material [36]. The intensity profiles of the beam at z = 0, z = z T /2 and z = z T along the x/y axes are shown in Fig. 2(c) . Even though the intensity carpet in Fig. 2(b) is not entirely symmetric about z = z T /2, the image at z = z T is the same as the input, and that at z T /2 has a π phase shift (and is absent from the figure). The intensity profiles in Fig. 2(c) demonstrate the formation of the 2D NLTE. Note that the modulation instability in the Kerr nonlinear medium results in the formation of the 2D NLTE that is a bit imperfect -the intensity maximum is a bit smaller than that of the incidence and small humps appear between the neighboring peaks. However, the formation of 2D NLTE of rogue waves in bulk nonlinear medium is clearly demonstrated, because the images at z T /2 and z T are definitely there. Again, one should check the evolution displayed in the movie in the Supplementary Material [36] , to see the formation of 2D NLTE more clearly.
Since q (or the transverse period) is related to the intensity of the input beam and optical response of the nonlinear medium is sensitive to the beam intensity, the formation of 2D NLTE with different transverse periods will be much more complex than that of the 2D LTE. In Fig. 2(d) we show the changing trend of the Talbot length versus the transverse period. The relationships between the transverse period and q as well as M are also displayed, which are similar to those in Fig. 1(d) . As indicated by numerical simulations, the relationship between D x and z T is not linear at all. Phenomenologically, the Talbot length increases more slowly with the increase in D x for q < 0.2, while for q > 0.2 the relation seems more linear. Viewed as a whole, the relation between D x and z T is parabolic-like. The amplitude of the incident 2D AB in Eq. (3) can be adjusted by changing the value of C, so we investigate numerically the relationship between the intensity and Talbot length for the same transverse period. This is important because of the potential wave collapse in 2D. We fix q (correspondingly fixing D x and D y ) and change the amplitude of the incident beam, to calculate the Talbot length; the results are depicted in Fig. 3 . Three values of q are chosen, 1/5, 1/4 and 3/10, respectively. As shown in Fig. 2(d) , the bigger the q, the larger the Talbot length z T , so that in Fig. 3 , the Talbot length is the biggest when q = 3/10, for the same C. With C increasing, the Talbot length also increases, and such increment becomes quite fast when C > 1. The reason is that higher intensity leads to stronger modulation instability, which demands a longer distance to adjust itself during propagation. Since the nonlinearity is Kerr in the NLSE, the value of C cannot be chosen very high, because this would result in the well-known "catastrophic self-focusing effect" [37] , i.e., the beam will collapse during propagation. Our numerics suggests the existence of a critical value of C above which the collapse happens.
V. CONCLUSIONS
We have discovered 2D NLTE for the first time theoretically, to the best of our knowledge. For the effect to be seen, not only the incident beam should be nonlinearly prepared, but the formation should also happen in the bulk Kerr nonlinear medium. We also demonstrate the 2D linear Talbot effect. Different from the 2D LTE, there are no fractional Talbot images in the 2D NLTE. Numerical experiments demonstrate that the smaller the transverse period and the smaller the amplitude of the incident beam, the shorter the Talbot length in 2D NLTE. We believe there are still many interesting questions to be answered concerning the 2D NLTE; for example: How will the effect change if the input is changed, for example to a product of doubly-periodic AB breathers? Will the effect appear if the nonlinearity in NLSE is of saturable or cubic-quintic nature? What is the threshold value of intensity before the wave collapse takes over? How long along the propagation axis the effect persists, i.e., what are the finite-size effects? We hope that our research has broadened the potential applications of Talbot effect and have deepened the understanding of rogue waves. 
